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Abstract. Let S be a semitopological semigroup, and let C be a nonempty
closed convex subset of a reflexive Banach space. Under some amenability con-
ditions on S, we provide existence results of fixed points for several Bregman
nonexpansive type actions S × C → C, (s, x) 7→ Tsx, of S on C. The map-
pings Ts we discuss include those being Bregman generalized hybrid, Bregman
nonspreading, and Bregman left asymptotically nonexpansive.
1. Introduction
Let S be a semitopological semigroup, i.e., S is a semigroup with a (Hausdorff)
topology such that for each fixed t ∈ S, the mappings s → ts and s → st are
continuous. An action of S on a nonempty set C is a mapping of S × C into C,
denoted by (s, x) 7→ Tsx, such that Tstx = Ts(Ttx) for all s, t ∈ S and x ∈ C. A
point x0 ∈ C is called a common fixed point for S if Tsx0 = x0 for all s ∈ S.
Let X be a left translation invariant normed vector subspace of `∞(S), i.e.,
lsf ∈ X for all s ∈ S, f ∈ X, where the left translation lsf is given by lsf(t) =
f(st), ∀t ∈ S. Assume also that X contains all the constant functions. For example,
the Banach algebra CB(S) of continuous and bounded functions on S is a left
translation invariant subspace of `∞(S) containing constants. A bounded linear
functional µ on X is called a mean if ‖µ‖ = µ(1) = 1. A mean µ is left invariant,
or a LIM in short, if µ(f) = µ(lsf) for all s ∈ S and f ∈ X. A mean µ is called
multiplicative if X is a subalgebra of `∞(S) and µ(fg) = µ(f)µ(g),∀f, g ∈ X. We
call S left amenable (resp. extremely left amenable) if CB(S) has a left invariant
mean (resp. multiplicative left invariant mean).
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2 MUOI AND WONG
It is a classical result of Mitchell [16] that S is extremely left amenable if and
only if every continuous action of S on a compact set has a common fixed point.
When S has only a non-multiplicative left invariant mean instead, however, we need
some nonexpansiveness of the action to guarantee a fixed point.
Lau and Takahashi [12] considered left asymptotically nonexpansive actions, while
Lau and Zhang [15] considered generalized hybrid actions, of a left amenable semi-
group S on a nonempty set C in Hilbert space. They showed that such an action
always has a common fixed point whenever there exists a bounded orbit
Oc := {Tsc : s ∈ S}
of some c in C. On the other hand, we studied norm-nonexpansive type actions
on Banach spaces in [18], and metric- and seminorm-nonexpansive type actions on
Fre´chet and general locally convex spaces in [19].
In this paper, we consider nonexpansive type actions with respect to Bregman
distances on reflexive Banach spaces with bounded orbits. We note that Bregman
distances (also called Bregman divergence), though not being symmetric or satisfy-
ing the triangle inequality in general, are recently popular and useful in the quantum
information theory (see, e.g., [4]).
Fix a strictly convex and Gaˆteaux differentiable function g : U → R defined on
an open set U in a Banach space E (see section 2 for definitions and notations).
The Bregman distance (see, e.g., [2]) Dg on U is defined by
Dg(x, y) = g(x)− g(y)− 〈x− y,∇g(y)〉 , ∀x, y ∈ U.
Let S be a semitopological semigroup. Let C be a nonempty subset of U . An action
(s, x) 7→ Tsx of S on C is called
• Bregman nonexpansive if
Dg(Tsx, Tsy) ≤ Dg(x, y), ∀x, y ∈ C,∀s ∈ S;
• Bregman left asymptotically nonexpansive if for given ε > 0 and y ∈ C,
there exists an s in S depending on ε and also on y, such that
Dg(Tssx, Tssy) ≤ Dg(x, y) + ε, ∀s ∈ S, ∀x ∈ C; (1.1)
• Bregman nonspreading [20] if
Dg(Tsx, Tsy) +Dg(Tsy, Tsx) ≤ Dg(Tsx, y) +Dg(Tsy, x), ∀x, y ∈ C,∀s ∈ S; (1.2)
• Bregman generalized hybrid [10] if there are real numbers α, β such that
αDg(Tsx, Tsy)+(1−α)Dg(x, Tsy) ≤ βDg(Tsx, y)+(1−β)Dg(x, y), ∀x, y ∈ C,∀s ∈ S.
(1.3)
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It is plain that nonexpansive, left asymptotically nonexpansive [12], nonspread-
ing [8,9,23] and generalized hybrid [22] maps defined on Hilbert spaces are exactly
those Bregman nonexpansive, Bregman left asymptotically nonexpansive, Bregman
nonspreading and Bregman generalized hybrid maps with respect to the Bregman
distance Dg with g(x) = ‖x‖2. We also note that all Bregman nonexpansive map-
pings are Bregman left asymptotically nonexpansive and Bregman generalized hy-
brid, while Bregman nonspreading might be neither Bregman nonexpansive nor
continuous; see, e.g., [20, example 1].
We will show that any action (s, x) 7→ Tsx of a left amenable semitopological
semigroup S on a nonempty closed and convex subset C of a reflexive Banach
space E has a common fixed point, provided that all Ts carry any one of the above
Bregman nonexpansiveness and there is a bounded orbit Oc of some point c ∈ C.
Here is a sketch of our reasoning. Let X be a left translation invariant subspace of
`∞(S) containing constants and all coordinate functions s 7→ 〈Tsc, x∗〉 with x∗ ∈ E∗.
Let µ be a left invariant mean on X. Then for the bounded linear functional
x∗ 7→ µs 〈Tsc, x∗〉, there exists zµ ∈ E = E∗∗ such that 〈zµ, x∗〉 = µs 〈Tsc, x∗〉. We
pretend for a moment that µ is a probability measure on S. Then we could write
zµ =
∫
S
Tsc dµ(s).
Note that the point zµ ∈ C if C is closed and convex. For each t ∈ S, we would
have
Ttzµ = Tt
∫
S
Tsc dµ(s) =
∫
S
Ttsc dµ(s) =
∫
S
Tsc dµ(s) = zµ,
since µ is left invariant. In other words, zµ is a candidate of the common fixed point
for S. In the following, we will verify this claim.
In section 2, we describe briefly the Bregman distances on Banach spaces and
their properties. With respect to these distances, in section 3, we study various
Bregman type nonexpansive actions of a left amenable semitopological semigroup
on a nonempty closed convex subset of a reflexive Banach space. We show that
such an action has a common fixed point, if there is a bounded orbit and the left
translation invariant function space X generated by the action on the orbit has a
LIM. The uniqueness of the fixed point is also discussed. In section 4, we study the
problem when the underlying function space X has a LIM by embedding X into
some classical function spaces on S. Finally, in section 5 we discuss some possible
resolves for the case when we do not have any LIM in stock.
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2. Bregman distances
Let U be a nonempty open set in a Banach space E. A function g : U → R is
said to be Gaˆteaux differentiable at y if there is a bounded linear functional ∇g(y)
in E∗, called the gradient of g at y, such that
〈x,∇g(y)〉 = lim
t→0
g(y + tx)− g(y)
t
, ∀x ∈ E.
We call g Fre´chet differentiable at y if for each given ε > 0, there exists δ > 0 such
that
|g(x)− g(y)− 〈x− y,∇g(y)〉 | ≤ ε‖x− y‖ whenever ‖x− y‖ ≤ δ.
We call g strictly convex if g(αx+ (1− α)y) < αg(x) + (1− α)g(y) for all distinct
x, y ∈ U and α ∈ (0, 1).
Let g : U → R be a strictly convex and Gaˆteaux differentiable function on a
nonempty open set U in a Banach space E. The Bregman distance Dg on U is
defined by
Dg(x, y) = g(x)− g(y)− 〈x− y,∇g(y)〉 , ∀x, y ∈ U. (2.1)
It is known that if a strictly convex function g is Gaˆteaux differentiable then its
gradient ∇g is norm-to-weak* continuous (see, e.g., [3, Proposition 1.1.10]) and
Dg(x, y) ≥ 0, ∀x, y ∈ U ; the equality holds exactly when x = y. If g is Fre´chet
differentiable then ∇g is norm-to-norm continuous (see, e.g., [7, page 508]).
Some Bregman distances between positive definite matrices used in quantum in-
formation theory associated with the Bregman function g(A) = trace(f(A)) follows:
• classical divergence: Dg(A,B) = trace(A2) + trace(B2) − 2 trace(BA)
while f(x) = x2;
• Umegaki relative entropy: Dg(A,B) = trace [A(logA− logB)] while
f(x) = x log x;
• Quantum divergence: Dg(A,B) = ‖
√
A−√B‖22 while f(x) = (
√
x−1)2,
where ‖ · ‖2 is the Hilbert-Schmidt norm of matrices.
In the following demonstrations, E = R, U = (0,+∞) and thus g = f .
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Figure 1: The Bregman classical divergence is exactly the square
Hilbert space distance.
Figures 2, 3: Umegaki relative entropy is not symmetric,
Dg(x, y) > Dg(y, x).
Although the Bregman distances Dg(x, y) have deficiencies such as not neces-
sarily being symmetric, not necessarily satisfying the triangle inequality and not
necessarily translation invariant, they do carry the Bregman-Opial property. That
is, for any weakly convergent sequence xn → x in U , we have
lim sup
n→∞
Dg(xn, x) < lim sup
n→∞
Dg(xn, y), ∀y ∈ U \ {x}.
For the function g(x) = ‖x‖2 on a Hilbert space, this reduces to the famous Opial
property. However, unlike the Bregman-Opial property, the Opial property fails to
hold in the general Banach space setting. See, e.g., [6].
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We call a function g : E → R strongly coercive if lim
‖xn‖→∞
g(xn)
‖xn‖ = +∞, call g
locally bounded if g is bounded on bounded sets, and call g a Bregman function [3]
if it satisfies the following conditions.
(1) g is continuous, strictly convex and Gaˆteaux differentiable.
(2) The set {y ∈ E : Dg(x, y) ≤ r} is bounded for all x ∈ E and all r > 0.
Lemma 2.1 (see [3, page 70]). Let C be a nonempty, closed and convex subset of
E. Let g be a strongly coercive Bregman function on E, then for each x ∈ E, there
exists a unique point xˆ ∈ C such that
Dg(xˆ, x) = min
y∈C
Dg(y, x).
In this case, Dg(y, xˆ) ≤ Dg(y, xˆ) +Dg(xˆ, x) ≤ Dg(y, x) for all y ∈ C.
We call xˆ the Bregman projection of x on C and denote it by P gC(x).
3. Fixed point properties for Bregman nonexpansive type actions
In this section, we always consider an action S×C → C, denoted by (s, x) 7→ Tsx,
of a semitopological semigroup S on a nonempty closed convex subset C of a reflexive
Banach space E. Moreover, we always assume g : E → R is a strongly coercive and
locally bounded Bregman function.
Assume that there exists a point c ∈ C such that the orbit Oc = {Tsc : s ∈ S}
is bounded. Let X be the intersection of all left translation invariant subspaces of
`∞(S), which contains all the constant functions and all the coordinate functions
s→ 〈Tsc, x∗〉 and s→ Dg(Tsc, x), ∀x ∈ E, x∗ ∈ E∗ (3.1)
generated by the orbit Oc. We call X the Bregman subspace associated to the
action on the bounded orbit Oc. Note that the local boundedness of g ensures that
the functions in (3.1) are bounded on S. For any mean µ on X, we consider the
bounded linear functional of the dual space E∗ of E defined by x∗ 7→ µs 〈Tsc, x∗〉.
We shall write µs(f(s)) instead of µ(f) for the value of µ at the function s 7→ f(s)
in s. Since E is reflexive, there exists a unique zµ ∈ E such that
µs 〈Tsc, x∗〉 = 〈zµ, x∗〉 , ∀x∗ ∈ E∗. (3.2)
We call zµ the µ−barycenter of the bounded orbit Oc.
We are going to show that zµ is a common fixed point of the action, provided
that some Bregman type nonexpansiveness is assumed. As an intermediate step,
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we will show that zµ is a Bregman attractive point, namely it belongs to the set of
Bregman attractive points defined by
AgC(S) = {x ∈ E : Dg(x, Tsy) ≤ Dg(x, y),∀y ∈ C,∀s ∈ S}. (3.3)
Clearly, zµ is a common fixed point of the action exactly when zµ ∈ AgC(S) ∩ C.
The following lemma can be deduced from [24, page 209], we give a different
proof since its arguments will be vital for some later parts.
Lemma 3.1. If C is closed and convex then zµ ∈ C.
Proof. From (2.1), the following Bregman three-point identity holds for any x, y, z ∈
E,
Dg(x, z) = Dg(x, y) +Dg(y, z) + 〈x− y,∇g(y)−∇g(z)〉 . (3.4)
Therefore, for each x ∈ E we have
Dg(Tsc, x)−Dg(Tsc, zµ) = Dg(zµ, x) + 〈Tsc− zµ,∇g(zµ)−∇g(x)〉 .
Taking µs on both sides,
µsDg(Tsc, x)− µsDg(Tsc, zµ) = Dg(zµ, x) + µs 〈Tsc− zµ,∇g(zµ)−∇g(x)〉
= Dg(zµ, x) + 〈zµ − zµ,∇g(zµ)−∇g(x)〉
= Dg(zµ, x) ≥ 0.
(3.5)
Since Dg(zµ, x) = 0 exactly when x = zµ, we have
Mµ := {x ∈ E : µsDg(Tsc, x) = inf
y∈E
µsDg(Tsc, y)} = {zµ}. (3.6)
Let P gC(zµ) be the Bregman projection of zµ on C. By Lemma 2.1, since Tsc ∈ C
we haveDg(Tsc, P
g
C(zµ)) ≤ Dg(Tsc, zµ). Therefore, µsDg(Tsc, P gC(zµ)) ≤ µsDg(Tsc, zµ).
Since zµ is the unique element of Mµ, we have P
g
C(zµ) = zµ. Hence, zµ ∈ C. 
Theorem 3.2. Let C be a closed convex subset of a reflexive Banach space E. Let
(s, x) 7→ Tsx be a Bregman generalized hybrid action of a semitopological semigroup
S on C with a bounded orbit Oc. If the Bregman subspace X associated to Oc has
a left invariant mean µ, then the µ−barycenter zµ of Oc is a common fixed point of
S.
Proof. If suffices to show that zµ is a Bregman attractive point of the action; see
(3.3). Indeed, for each t ∈ S, from the three-point identity (3.4), we have
Dg(zµ, Ttx)−Dg(zµ, x) = Dg(x, Ttx) + 〈zµ − x,∇g(x)−∇g(Ttx)〉 .
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From the definition of zµ we have
Dg(x, Ttx) + 〈zµ − x,∇g(x)−∇g(Ttx)〉
= Dg(x, Ttx) + µs 〈Tsc− x,∇g(x)−∇g(Ttx)〉
= Dg(x, Ttx) + µs 〈Ttsc− x,∇g(x)−∇g(Ttx)〉 , since µ is a LIM,
= Dg(x, Ttx) + µs [Dg(Ttsc, Ttx)−Dg(Ttsc, x)−Dg(x, Ttx)]
= µsDg(Ttsc, Ttx)− µsDg(Ttsc, x)
= µsDg(Ttsc, Ttx)− µsDg(Tsc, x), since µ is a LIM .
Because the action is Bregman generalized hybrid, there exists α, β ∈ R satisfying
(1.3). Thus, by following an idea in [15, Lemma 5.1],
µsDg(Ttsc, Ttx) = µs [αDg(Ttsc, Ttx) + (1− α)Dg(Ttsc, Ttx)]
= µs [αDg(TtTsc, Ttx) + (1− α)Dg(Tsc, Ttx)] , since µ is a LIM,
≤ µs [βDg(Ttsc, x) + (1− β)Dg(Tsc, x)]
= µs [βDg(Tsc, x) + (1− β)Dg(Tsc, x)] , since µ is a LIM,
= µsDg(Tsc, x).
(3.7)
Therefore,
Dg(zµ, Ttx) ≤ Dg(zµ, x), ∀t ∈ S, x ∈ C.
In other words, zµ is a Bregman attractive point.
By Lemma 3.1, zµ ∈ C, and thus Dg(zµ, Ttzµ) ≤ Dg(zµ, zµ) = 0. Consequently,
Ttzµ = zµ for all t ∈ S. In other words, zµ is a common fixed point of S. 
In the following theorems, we need to assume, in addition, that the Bregman
subspace X contains all the functions s→ Dg(x, Tsc),∀x ∈ C.
Theorem 3.3. Let C be a closed convex subset of a reflexive Banach space E. Let
(s, x) 7→ Tsx be a Bregman nonspreading action of a semitopological semigroup S
with a bounded orbit Oc. If the Bregman subspace X associated to Oc has a left
invariant mean µ, then the µ−barycenter zµ of Oc is a common fixed point of S.
Proof. The proof goes exactly as in that of Theorem 3.2, except for (3.7). In other
words, it suffices to verify that
µsDg(Ttsc, Ttx) ≤ µsDg(Tsc, x), ∀t ∈ S, x ∈ C (3.8)
Suppose it is not the case, and let t0 ∈ S and x0 ∈ C such that µsDg(Tt0sc, Tt0x0) >
µsDg(Tsc, x0). Since Tt0 is Bregman nonspreading, by (1.2) we have
Dg(Tt0Tsc, Tt0x0) +Dg(Tt0x0, Tt0Tsc) ≤ Dg(Tt0Tsc, x0) +Dg(Tt0x0, Tsc).
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By taking µs on both sides, we have
µsDg(Tt0sc, Tt0x0) + µsDg(Tt0x0, Tt0sc) ≤ µsDg(Tt0sc, x0) + µsDg(Tt0x0, Tsc)
= µsDg(Tsc, x0) + µsDg(Tt0x0, Tsc)
< µsDg(Tt0sc, Tt0x0) + µsDg(Tt0x0, Tsc).
Thus µsDg(Tt0x0, Tt0sc) < µsDg(Tt0x0, Tsc). However, this conflicts with the fact
that µ is a LIM. This contradiction finishes the verification. 
Recall that a vector subspace X of `∞(S) is called right translation invariant if
rsf ∈ X for all f ∈ X, where rsf(t) = f(ts), ∀t ∈ S, is the right translation of
f . A mean µ on a right translation invariant subspace is called right invariant if
µ(rsf) = µ(f) for all s ∈ S, f ∈ X. If X is translation invariant, i.e., both left and
right translation invariant, we call a mean µ on X an invariant mean if it is both
left and right invariant. On the other hand, we call µ faithful if f = 0 whenever
f ∈ X, f ≥ 0 and µ(f) = 0.
Theorem 3.4. Let C be a closed convex subset of a reflexive Banach space E. Let
(s, x) 7→ Tsx be a Bregman left asymptotically nonexpansive action of a semitopo-
logical semigroup S with a bounded orbit Oc. If the Bregman subspace X associ-
ated to Oc is translation invariant and has a faithful invariant mean µ, then the
µ−barycenter zµ of Oc is a common fixed point of S.
Proof. By Lemma 3.1, zµ ∈ C. Since the action is Bregman left asymptotically
nonexpansive, by (1.1) for each given ε > 0 there exists sε ∈ S such that
Dg(TssεTtc, Tssεzµ) ≤ Dg(Ttc, zµ) + ε, ∀s, t ∈ S.
Then
µtDg(Ttc, Tssεzµ) = µtDg(TssεTtc, Tssεzµ)
≤ µtDg(Ttc, zµ) + ε, ∀s ∈ S.
On the other hand, from (3.5) we have Dg(zµ, x) = µtDg(Ttc, x)−µtDg(Ttc, zµ) for
all x ∈ E. Hence, putting x = Tssεzµ we get
Dg(zµ, Tssεzµ) = µtDg(Ttc, Tssεzµ)− µtDg(Ttc, zµ)
≤ µtDg(Ttc, zµ) + ε− µtDg(Ttc, zµ) = ε.
(3.9)
Since µ is right invariant, µsDg(zµ, Tszµ) = µsDg(zµ, Tssεzµ) ≤ ε for all ε > 0.
Therefore µsDg(zµ, Tszµ) = 0. Since µ is faithful and Dg(zµ, Tszµ) ≥ 0 for all
s ∈ S, we have Dg(zµ, Tszµ) = 0. This implies zµ = Tszµ for all s ∈ S. Then zµ is
a common fixed point for S. 
We are now going to discuss the uniqueness of the fixed point. In fact, as
shown in Propositions 3.6 and 3.7 below, the common fixed point zµ, which is
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the µ−barycenter of a bounded orbit Oc, is the same for any choice of an invariant
mean µ.
Lemma 3.5. Let C be a closed convex subset of a reflexive Banach space E. Let
(s, x) 7→ Tsx be an action of a semitopological semigroup S with a bounded orbit Oc.
Let the Bregman subspace X associated to Oc be translation invariant and have an
invariant mean µ, and let y be a common fixed point. Then
(i) sup
t
inf
s
Dg(Ttsc, y) ≤ µtDg(Ttc, y) ≤ inf
s
sup
t
Dg(Ttsc, y) if the action is Breg-
man generalized hybrid or Bregman nonspreading;
(ii) sup
t
inf
s
Dg(Ttsc, y) = µtDg(Ttc, y) = inf
s
sup
t
Dg(Ttsc, y) if the action is Breg-
man left asymptotically nonexpansive.
Proof. We follow an idea in [12] which works for the Hilbert space. For each f ∈ X
and s ∈ S, by the right invariance of µ, we have
µtDg(Ttc, y) = µtDg(Ttsc, y) ≤ sup
t∈S
Dg(Ttsc, y).
Hence,
µtDg(Ttc, y) ≤ inf
s
sup
t
Dg(Ttsc, y).
(i) As shown in (3.7) and (3.8), for each t, u ∈ S we have
µsDg(Tsc, y) ≥ µsDg(TtuTsc, Ttuy) ≥ inf
s
Dg(Ttsc, y).
Thus µsDg(Tsc, y) ≥ sup
t
inf
s
Dg(Ttsc, y).
(ii) Since y is a common fixed point and the action is Bregman left asymptotically
nonexpansive, for any  > 0 there is u ∈ S such that
Dg(Ttusc, y) = Dg(TtuTsc, Ttuy) ≤ Dg(Tsc, y) + , ∀s, t ∈ S.
Consequently,
inf
s′
sup
t
Dg(Tts′c, y) ≤ sup
t
Dg(Ttusc, y) ≤ sup
t
Dg(Tsc, y) + 
= Dg(Tsc, y) + , ∀s ∈ S.
Because  > 0 is arbitrary, inf
s
sup
t
Dg(Ttsc, y) ≤ µsDg(Tsc, y). Hence µtDg(Ttc, y) =
inf
s
sup
t
Dg(Ttsc, y).
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On the other hand, by the Bregman left asymptotically nonexpansiveness again,
sup
t′
inf
s
Dg(Tt′sc, y) ≥ inf
s
Dg(Tusc, y) ≥ inf
s
µtDg(TtuTusc, Ttuy)− 
≥ inf
s
µtDg(Ttuusc, y)− 
= inf
s
µtDg(Ttc, y)− , since µ is right invariant,
= µtDg(Ttc, y)− .
Since  > 0 is arbitrary, we have
sup
t
inf
s
Dg(Ttsc, y) ≤ inf
s
sup
t
Dg(Ttsc, y) = µtDg(Ttc, y) ≤ sup
t
inf
s
Dg(Ttsc, y).

Proposition 3.6. Let (s, x) 7→ Tsx be an action of a semitopological semigroup S
on a nonempty closed convex set C in a reflexive Banach space E. Let the Bregman
subspace X associated to a bounded orbit Oc is translation invariant. Assume that
the barycenters zµ, zψ are common fixed points of S for invariant means µ, ψ on X,
respectively. Assume that the action is either
(i) Bregman left asymptotically nonexpansive, or
(ii) Bregman generalized hybrid or Bregman nonspreading, such that
sup
t
inf
s
Dg(Ttsc, z) = inf
s
sup
t
Dg(Ttsc, z) for z = zµ or z = zψ.
Then, µtDg(Ttc, zµ) = ψtDg(Ttc, zψ) and zµ = zψ.
Proof. From Lemma 3.5 and the assumptions, in each case, we have
µtDg(Ttc, zµ) = inf
s
sup
t
Dg(Ttsc, zµ) and ψtDg(Ttc, zψ) = inf
s
sup
t
Dg(Ttsc, zψ).
Following an idea in [12, Theorem 4.8], we obtain from (3.6) that
µtDg(Ttc, zµ) ≤ µtDg(Ttc, zψ) = µtDg(Ttsc, zψ) ≤ inf
s
sup
t
Dg(Ttsc, zψ)
= ψtDg(Ttc, zψ) ≤ ψtDg(Ttc, zµ) ≤ inf
s
sup
t
Dg(Ttsc, zµ)
= µtDg(Ttc, zµ).
Hence, µtDg(Ttc, zµ) = ψtDg(Ttc, zψ) and µtDg(Ttc, zµ) = µtDg(Ttc, zψ). Since Mµ
contains the unique point zµ, we have zµ = zψ. 
The following proposition extends a result of Lau and Zhang [15, Theorem 4.11]
in which they considered norm nonexpansive actions on Hilbert spaces. It implies
that the barycenter zµ of a bounded orbit Oc does not depends on the choice of
the invariant mean µ, provided that S is right reversible together with other as-
sumptions. Recall that a semitopological semigroup S is called right reversible if
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the intersection Sa ∩ Sb of two closed left ideals is nonempty for every a, b ∈ S. In
this case, we can define a direct order on S by letting a ≤ b if b = a or b ∈ Sa. It is
easy to see that if a ≤ b then a ≤ tb for all t ∈ S. In particular, ts→∞ whenever
s→∞ for any fixed t in S.
Recall that if the Bregman function g is Fre´chet differentiable then Og is norm-
to-norm continuous.
Proposition 3.7. Let C be a nonempty closed convex subset of a reflexive Banach
space E. Assume that ∇g is norm-to-norm continuous and the Bregman distance
Dg is symmetric. Let (s, x) 7→ Tsx be a Bregman generalized hybrid or Bregman
nonspreading action of a right reversible semitopological semigroup S on C with
a bounded orbit Oc. Assume that the Bregman subspace X associated to Oc is
translation invariant and has an invariant mean µ. Then AgC(S) is nonempty,
closed and convex. Moreover, lim
t
P g
AgC(S)
(Ttc) = zµ in norm.
Proof. It is shown in the proof of Theorems 3.2 and 3.3 that zµ ∈ AgC(S). Hence
AgC(S) is nonempty. Furthermore, as shown in [15, Lemmas 4.9 and 4.10], see also
[5, Lemmas 3.2 and 4.4], AgC(S) is closed convex, and P
g
AgC(S)
(Ttc) converges strongly
to some u ∈ AgC(S). Since Dg is symmetric, i.e., Dg(x, y) = Dg(y, x), ∀x, y ∈ E, by
Lemma 2.1, for each t, s ∈ S we have
Dg(Ttsc, P
g
AgC(S)
(Ttsc)) +Dg(P
g
AgC(S)
(Ttsc), y) ≤ Dg(Ttsc, y).
By the three-point identity (3.4), we have〈
Ttsc− P gAgC(S)(Ttsc),∇g(P
g
AgC(S)
(Ttsc))−∇g(y)
〉
≥ 0, ∀y ∈ AgC(S).
This implies〈
Ttsc− P gAgC(S)(Ttsc),∇g(y)−∇g(u)
〉
≤
〈
Ttsc− P gAgC(S)(Ttsc),∇g(P
g
AgC(S)
(Ttsc))−∇g(u)
〉
. (3.10)
Since Oc is bounded, it follows from condition (2) in the definition of a Bregman
function and Lemma 2.1 that {P g
AgC(S)
(Ttsc) : s ∈ S} is also bounded. Hence, there
exists M > 0 such that ‖Ttsc‖+‖P gAgC(S)(Ttsc)‖ ≤M for all t, s ∈ S. It follows from
(3.10) that〈
Ttsc− P gAgC(S)(Ttsc),∇g(y)−∇g(u)
〉
≤M‖∇g(P g
AgC(S)
(Ttsc))−∇g(u)‖.
Since µ is a mean on X, we have
µt
〈
Ttsc− P gAgC(S)(Ttsc),∇g(y)−∇g(u)
〉
≤ sup
t∈S
〈
Ttsc− P gAgC(S)(Ttsc),∇g(y)−∇g(u)
〉
≤M sup
t∈S
‖∇g(P g
AgC(S)
(Ttsc))−∇g(u)‖.
BREGMAN NONEXPANSIVE TYPE ACTIONS 13
Since µ is right invariant, this implies
µt
〈
Ttc− P gAgC(S)(Ttsc),∇g(y)−∇g(u)
〉
≤M sup
t∈S
‖∇g(P g
AgC(S)
(Ttsc))−∇g(u)‖.
Because P g
AgC(S)
(Tsc) converges strongly (in the index s) to u and because ∇g is
norm-to-norm continuous, ‖∇g(P g
AgC(S)
(Ttsc)) − ∇g(u)‖ → 0 uniformly on t ∈ S
when s→∞. Then, by taking the limit in s we have
µt 〈Ttc− u,∇g(y)−∇g(u)〉 ≤ 0.
In other words,
〈zµ − u,∇g(y)−∇g(u)〉 ≤ 0, ∀y ∈ AgC(S).
Let y = zµ, we have
0 ≥ 〈zµ − u,∇g(zµ)−∇g(u)〉 = Dg(zµ, u) +Dg(u, zµ).
Hence u = zµ. 
4. Bregman subspaces associated to the action
In this section, we study under what conditions on an action (s, x) 7→ Tsx, the
coefficient functions in (3.1) belong to some classical function spaces defined on
S. Since there are many well established amenability conditions concerning several
classical function spaces on semitopological semigroups, see, e.g., [12,13,15], we can
guarantee the existence of a LIM for the Bregman subspace X and thus utilize the
results in section 3.
Let AP(S) (resp. WAP(S)) be the set of all almost periodic (resp. weakly almost
periodic) functions on S, i.e., all those functions f ∈ CB(S) such that its right
orbit {rtf : t ∈ S} is precompact in the norm (resp. weak) topology of CB(S). Let
RUC(S) be the set of all right uniformly continuous on S, i.e., all those functions
f ∈ CB(S) such that the map s→ rsf from S into CB(S) is continuous when CB(S)
is equipped with the uniform norm topology. In general, AP(S) ⊂WAP(S) ⊂ CB(S)
and AP(S) ⊂ RUC(S) ⊂ CB(S). When S is compact, we have AP(S) = RUC(S) ⊂
WAP(S) ⊂ CB(S). The reader can see [1,11,13,17] for more discussion about these
function spaces and their amenability.
Let c ∈ C. We call its orbit Oc = {Tsc : s ∈ S} a continuous orbit if the map
s→ Tsc is continuous in norm topology, a nonexpansive orbit if ‖TsTtc− TsTt′c‖ ≤
‖Ttc − Tt′c‖ for all s, t, t′ ∈ S, and a precompact orbit if Oc is norm precompact.
Note that Oc will be precompact in the weak topology of the reflexive Banach space
E whenever it is bounded.
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Proposition 4.1. Let (s, x) 7→ Tsx be an action of a semitopological semigroup S
on a nonempty subset C of a reflexive Banach space E. Assume that there is a point
c ∈ C with a bounded orbit Oc. Let X be the Bregman subspace of `∞(S) associated
to Oc for the Bregman distance Dg. Then
(i) X ⊂ CB(S) if c has a continuous orbit;
(ii) X ⊂ RUC(S) if c has a continuous nonexpansive orbit and the Bregman
function g is Lipschitz continuous on Oc;
(iii) X ⊂ AP(S) if c has a nonexpansive precompact orbit and g is Lipschitz
continuous on Oc;
(iv) X ⊂WAP(S) if each Ts is weak-to-weak continuous and g is weakly contin-
uous on Oc.
Proof. We show that, for each x ∈ E and each x∗ ∈ E∗, the coefficient functions
s→ f(s) = 〈Tsc, x∗〉 and s→ h(s) = Dg(Tsc, x)
are in the corresponding function spaces. The proof for s→ Dg(x, Tsc) is similar.
(i) Trivial.
(ii) Let tλ → t. For each s ∈ S, we have
|rtλf(s)− rtf(s)| = | 〈Tstλc− Tstc, x∗〉 |
≤ ‖x∗‖.‖TsTtλc− TsTtc‖
≤ ‖x∗‖.‖Ttλc− Ttc‖.
Hence ‖rtλf − rtf‖ ≤ ‖x∗‖.‖Ttλc− Ttc‖ → 0 and thus f ∈ RUC(S).
Let K > 0 be the Lipschitz constant of g. Then ‖∇g(y)‖ ≤ K for all y ∈ E.
Observe
|rtλh(s)− rth(s)| = |Dg(Tstλc, x)−Dg(Tstc, x)|
= |g(TsTtλc)− g(TsTtc)− 〈TsTtλc− TsTtc,∇g(x)〉 |
≤ 2K‖TsTtλc− TsTtc‖
≤ 2K‖Ttλc− Ttc‖.
Hence ‖rtλh− rth‖ ≤ 2K‖Ttλc− Ttc‖ → 0, and thus h ∈ RUC(S).
(iii) It follows from [11, Lemma 3.1] that f ∈ AP(S).
We show that the map L : Oc → CB(S) given by L(z) = ϕz is norm-to-norm
continuous where ϕz(s) = Dg(Tsz, x). Indeed, let {zn} be a sequence converging to
z in Oc in norm. For each s ∈ S, since g is K-Lipschitz we have
|Dg(Tszn, x)−Dg(Tsz, x)| = |g(Tszn)− g(Tsz)− 〈Tszn − Tsz,∇g(x)〉 |
≤ 2K‖Tszn − Tsz‖ ≤ 2K‖zn − z‖.
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Hence L is norm-to-norm continuous. Since Oc is norm precompact, so is L(Oc). On
the other hand, rth(s) = h(st) = Dg(Ts(Ttc), x) for each t ∈ S. Hence {rth : t ∈ S}
is contained in the precompact subset L(Oc) of CB(S). In particular, h ∈ AP(S).
(iv) As in (iii) we define the map L : Oc → CB(S) by
z 7→ Dg(Tsz, x) = g(Tsz)− g(x)− 〈Tsz − x,∇(x)〉.
Since both g and Ts are weak-weak continuous, so is L. Consequently, L(Oc) is
weakly precompact. Because {rth : t ∈ S} ⊂ L(Oc), it is also weakly precompact in
CB(S). In particular, h ∈WAP(S). In similar manner, we see that f ∈WAP(S). 
5. Further discussion
In section 3, we have seen that a common fixed point exists if X has a LIM. But,
sometimes we only have an approximate left invariant mean instead, i.e., there is
a net {µλ} of means on X such that µλ(f − lsf) → 0 for every s ∈ S and every
f ∈ X. In this situation, we ask the following questions.
Q1: Do we have a common fixed point?
Q2: When a fixed point exist, how do we locate it?
Proposition 5.1. Let C be a nonempty closed convex subset of a reflexive Banach
space E. Let (s, x) 7→ Tsx be an action of a semitopological semigroup S on C with
a bounded continuous orbit Oc. Let {µλ} be an approximate left invariant mean on
the Bregman subspace X associated to Oc. Then
(i) any weak* cluster point µ of {µλ} is a left invariant mean and zµλ → zµ
weakly;
(ii) if µλ → µ in norm then zµλ → zµ in norm.
Proof. (i) We note that there always exists a weak* cluster point of {µλ} since the
closed unit ball of X∗ is weak* compact. It follows similarly as [21, page 883] that
µ is a left invariant mean on X. By the definition of zµ in (3.2), zµλ → zµ weakly.
(ii) If µλ converges to µ in norm then
‖zµλ − zµ‖ = sup‖x∗‖≤1
| 〈zµλ , x∗〉 − 〈zµ, x∗〉 |
= sup
‖x∗‖≤1
|µλt 〈Ttc, x∗〉 − µt 〈Ttc, x∗〉 |
≤M‖µλ − µ‖,
where M = sup
t∈S
‖Ttc‖. This implies zµλ converges to zµ in norm. 
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We end this paper with an open problem about a possible variance of our results.
Let X be a subspace of `∞(S) containing all constant functions. A real valued
function µ on X is called a submean, see e.g. [12, 14], if
(1) µ(f + g) ≤ µ(f) + µ(g) for all f, g ∈ X;
(2) µ(αf) = αµ(f) for all f ∈ X and α ≥ 0;
(3) f, g ∈ X and f ≤ g imply µ(f) ≤ µ(g);
(4) µ(c) = c for every constant function c.
By [12, proposition 3.6], if S is a left reversible semitopological semigroup, then
CB(S) always has a left invariant submean, while, in general, it might not have any
left invariant mean.
Question 5.2. Do we have similar results as in the Theorems 3.2, 3.3 and 3.4 when
X has a (left) invariant submean?
Here is the difficulty. Since we do not have the linearity of a submean µ, the
functional on E∗ defined by x∗ 7→ µs 〈Tsc, x∗〉 in (3.2) is not linear. Therefore, we
are unable to define the µ−barycenter zµ by the formula µs 〈Tsc, x∗〉 = 〈zµ, x∗〉 for
all x∗ ∈ E∗.
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